Bridge were analyzed using a newly developed analytical tool, which is able to consider fully aeroelastic and aerodynamic coupling effects among modes. The analysis well demonstrated the behavior of a wind-tunnel model and particularly could capture the modecoupling effects. Six primary modes dominated the flutter of the Akashi-Kaikyo Bridge where significant mode couplings of the 1 S torsional mode with three vertical modes were observed. The multi-mode analysis also provided insights into the coupling mechanism in buffeting in which strong aeroelastic and aerodynamic interactions between vertical and torsional modes were observed.
INTRODUCTION
Wind-resistant design is one of the key factors in the realization of long-span bridges. As the span length increases, aeroelastic phenomena (vortex shedding, galloping, divergence, flutter and buffeting) must be carefully considered in the design stage. Wind-tunnel testing has been widely used for that purpose since the Tacoma Narrows Bridge collapse in 1940.
Recently, analytical prediction methods aided by progress in computer technology are more commonly used. These methods are typically represented as flutter and buffeting analyses in which parameters in the analysis are experimentally obtained. The analytical methods have great advantages of flexibility, saving time and cost, and of yielding a great deal of insight into the physics of the aeroelastic phenomena.
Multi-mode-analysis approaches'-' have been proposed in the last decade by several researchers. These predicted the possible mode coupling in the flutter and buffeting of long-span bridges, in particular, Jamn et al. 's presented several examples of the possibility of aeroelastic and aerodynamic coupling among modes. Further, the HonshuShikoku Bridge Authority performed a wind-tunnel test using a 40-meter-long aeroelastic model of the Akashi-Kaikyo Bridge, and observed significant mode coupling in the flutter state' . This paper first analytically demonstrates the flutter and buffeting of the wind-tunnel model of the Akashi-Kaikyo Bridge, then discusses modecoupling effects, and finally provides insights into the mechanisms of mode coupling in the flutter and buffeting.
Miyata et al.1) investigated the fact that six primary modes were coupled in the flutter of the Akashi-Kaikyo Bridge, and lateral flutter derivatives Pi* (i = 2, 3, 5 and 6) played a significant role in the flutter onset. However, there still seem to remain issues to be investigated, e. g., to what extent each of the six modes participated in the flutter, and what is the nature of the coupling mechanism at flutter? In addition, buffeting analysis has been usually performed in Japan neglecting aerodynamic and aeroelastic mode coupling for analytical brevity. However, since significant mode coupling was experimentally observed in the flutter of the Akashi-Kaikyo Bridge, mode coupling in buffeting must also be expected.
The analytical procedure used in this study was developed by Jamn et al.7)8), implementing the theory of Scanlan and Jones9', and is able to capture the fully coupled aeroelastic and aerodynamic response of long-span bridges to wind excitation. Therefore, with this analytical tool, it is of great interest to investigate the mode-coupling effects and mechanisms in the flutter and buffeting of the Akashi-Kaikyo Bridge, particularly buffeting, which has not been fully analyzed in a multi-mode sense before.
GENERAL FORMULATION
The analytical method used here is based on a modal analysis in the frequency domain7)-9 This is summarized here for context. In a modal analysis, the deflection components of the bridge deck are represented in terms of the generalized coordinate of the mode (t), the deck width B and the dimensionless modal values of the ii" mode along the deck hi(x), pi(x) and a(x) as
where x is the coordinate along the deck span and t is time.
The governing equation of motion of ci is
where Ii and q(t) are the generalized inertia and force of the ith mode, and 7i and Wi are the damping ratio-to-critical and the circular natural frequency of the ith mode, respectively. where the subscripts ae and b refer to aeroelastic and buffeting, respectively. For purely sinusoidal motions of frequency co, the aeroelastic forces can be expressed as
where p is the air density, U is the mean wind speed, K(= BW/U) is the reduced frequency and H; *, pi* and Ai*, i = 1 -6 are the flutter derivatives of the deck cross section.
Under assumed slowly varying gust action, the buffeting forces are defined as
where CL, CD and CM are the static lift, drag and pitching moment coefficients (referred to deck width B) of a typical deck cross section, respectively, CL' = dCL /da, CD' = dCD /da and CM' = dCM /da, and u = u(t), w = w(t) are the alongwind and vertical velocity fluctuations of the wind, respectively. The multi-mode system of equations can be expressed in matrix notation as I"+ A' + B = Qb (s)
where = generalized coordinate vector, () represents a derivative with respect to dimensionless time s = Ut/B (which is introduced for analytical convenience) I is an identity matrix, A, B are the damping, stiffness matrices of the system, respectively, and Qb is the generalized force vector.
At this point, if it is expected that the flutter derivatives along a span vary due to the change of angle of attack and geometric condition of the deck, the general terms of A, B and Qb are expressed as Qb (s) = pBl JO {Lb (x, s)h + Db (x, s) p. 2I x ) + Mb(x, s)a }d where 5 (= 1 when i = j, otherwise = 0) is the Kronecker delta, and K, = Bw /U. The modal integrals (Gea) are obtained by
where Tm* = Hm, Pm* or Am* (m = 1,.., 6), r, = h,, p; or a, and s = h, p or a. Note that the spanwise coordinate x locates information about the type of cross section and the angle of attack.
The diagonal terms (i = j) in (8) and (9) represent the single-degree-of-freedom (and uncoupled) equations while the off-diagonal terms introduce the aeroelastic coupling through the flutter derivatives and the mechanical coupling through the crossmodal integrals among different modes.
Defining the Fourier transform of f(s) to be f (K) = Ef(s)eds (12) and taking the Fourier transform of (7) yields the new system of equations in the reduced frequency(K) domain such that E = Q b (13) where E1 =-K281 + iKA; (K) + B; (K) (14; and i =f1i.
(1) Identification of flutter condition The flutter condition is identified by solving the aeroelastically influenced eigenvalue problem E = 0 (15) In order to obtain a nontrivial solution for (15) , the determinant of matrix E must vanish. Additionally, since the matrix E is complex, the condition of detE = 0 must be satisfied requiring that both the real and imaginary parts of the determinant are simultaneously zero10. This can be accomplished by fixing a value of K and seeking a value of Cu, in the frequency range of interest, for which the determinant is zero; and then repeating this process, changing the value of K, until both determinants are zero at the same Cu. At this point, the flutter frequency is obtained from w and the flutter speed can be calculated from K (= uB/U) and W.
For a multi-mode problem, the same procedures are required as many times as the number of modes and the highest solution of K of all solutions gives the flutter-critical condition. The mode corresponding to the solution of Cu is the dominant mode in the flutter condition. Moreover, the eigenvector at the flutter condition gives the "flutter mode shape" which indicates the relative participation of each structural mode in flutter.
(2) Analytical procedure for buffeting
The vector of buffeting forces on the right hand side of (13) is (16) where the integrands in the vector above are
(17) Substituting for the terms above from appropriately transformed (6a) -(6c) at span location xA leads to
A complex conjugation operation (denoted by the asterisk) for Qb gives the following equation as (19) from which the power spectral density (PSD) matrix Suu and Sww are spanwise cross-spectral densities of u and w components, respectively, and Cuw and Quw are spanwise uw-cospectral-and quadrature-spectral densities, respectively.
The spanwise auto-and cross-spectral densities of the wind components are defined here referring to Roberts and Surry"1 and the measurement in the wind-tunnel testing' 2) as
Cuw (xA, xB, K) = Cuw (K)Ruw (xA, xB, K) = C uw (K)JRuu (xA, xB, K). R(xA, xB, K) (25) where Suu(K) and SWjK) are auto-power spectral densities of u-and w-velocity fluctuations, respectively, Cuw(K) is a co-spectral density of the uw-cross spectrum, c (= 8) is the decay factor, and equivalent turbulence scales L3 (= 70 m) and L4 (= 40 m) are determined based on the measurements' 2) in the wind-tunnel testing. Quw was not included in this analysis because there was no quantitative assessment available and its contribution is considered to be relatively small. An aerodynamic admittance, a function of K defining the correlation between the section wind speed fluctuation and the developed wind force, was taken as the Davenport formula for drag and unity for lift and pitching moment based on the measurements' 3 drag: (26) lift and pitching moment:
where K' = DK127cB, D is the deck height.
There and the asterisks denote complex conjugates. For the Akashi-Kaikyo Bridge, SUJK) and S(K) were modeled using the Hino spectrum and Bush and Panofsky spectrum, respectively, based on the measurements12) in the wind-tunnel testing.
(33) (34) where a (= 1/8) is the exponent of wind velocity profile, Kr (= 0. 0025) is the surface friction coefficient, m is a modification factor for the spectrum shape associated with turbulence scale, U, p (= 46. 0 m/s) is the design reference wind speed at 10 m above sea level and z is the elevation. The modification factor m in the analysis was set to 3 and fm ax = 0. 4 based on the measurements12 in the wind tunnel.
Since there are no measurements for the actual Akashi-Kaikyo Bridge as yet, an empirical formula for Cu. was used14 (35) where u* is the surface friction velocity.
The power spectral density matrix for the generalized coordinate is developed using (13) as
where E* is the complex conjugate transpose of matrix E. The PSD of the physical displacements for (la) -(lc) can be obtained from the PSD of the respective generalized displacement components through
where i and j represent the summation over the number of modes being used in the analysis. Evaluation of the spectral densities of the displacements at combinations of discrete xA and xB will result in a matrix. The mean-square values of these displacements can be evaluated in terms of their respective PSD functions 6h (xA, xB) LShh(xA, xB, f)df (40)
where f is the frequency. Covariance matrices for h, p and a are thus obtained, from which statistics of the displacement components h, p and a can be calculated. Neglecting any coupling terms among modes results in a single-mode buffeting calculation. Based on the formulations developed above, the PSD of the physical displacements at a specific point x, for the single-mode buffeting, Sh; (x, K), Sp y (x, K) and Sa; (x, K) can be obtained by the same procedures as those in the multi-mode buffeting.
Then the mean-square values of these displacements can be evaluated as
where q = h, p; or a,.
For the purpose of evaluating the response in the multi-mode sense from single-mode responses, the square-root of the sum of square (SRSS) of singlemode responses method is used, i. 44) where n is the number of modes.
FLUTTER ANALYSIS (1) Description of analysis
Flutter derivatives of the deck used here, which were measured15 by a forced vibration method in a smooth flow, were components of H1*,.., H4*, A1*,.., A4*, P2*, P3*, P5* and P6*. P1* was estimated using quasi-steady theory as' 6' P, * = -2CD/K
The flutter derivatives in the analysis were given as a function of angle of attack, which is also a function of span location, since it is associated with deck rotation due to the wind loading. In addition, two different sets of flutter derivatives, which were measured using deck-section models with different main cable heights, were applied to the 340-meterlong section at the span center where main cables were close to the deck and affected deck stability aerodynamically' ). Based on a previous study', six primary symmetric modes; 1St lateral (mode 1), 1St vertical (mode 2), 2' d vertical (mode 10), 2nd lateral (mode 11), 1St torsion (mode 12) and 3rd vertical (mode 13) were used in all the analyses. Fig. 1 shows the real and imaginary roots of detE = 0 for the original and modified cross sections with aw = 0 deg. The intersection of the real and imaginary roots gives flutter onset and the corresponding mode to the intersection is a dominant mode to flutter. Mode 12 (1St symmetric torsion) was the leading mode in all six cases in Tables 1 and 2 .
All of the flutter speeds calculated in this study are lower (4% -11%) than those measured in the wind-tunnel testing, but are in good agreement with those analyzed in the previous study', as seen in Table 1 . This suggests that the analysis in this study appears reliable and consistent. One reason for these differences in the flutter speeds between the analysis and measurement may be due to an existing effective reduction in the spatial correlation of flutter derivatives (aeroelastic forces) in the physical model. Its effect can be taken' 8 ' 19) into (11) in the same manner as the spanwise coherence of buffeting forces in (28), however it was not considered in this analysis.
The analyses showed that the flutter of the Akashi- 
26(18os)
Kaikyo Bridge was multi-mode coupled flutter in which one torsional (mode 12), three vertical modes (modes 2, 10 and 13) with the relatively small participation of two lateral modes (modes 1 and 11) were coupled. However, there are no significant differences among the eigenvectors at flutter among the analytical cases. Modified Cross Section, a w = 0 deg. Concerning the flutter speed, it is noteworthy that even the two-mode (modes 2 and 12) case (classical theory) gave a result very close to the six-mode case. However, flutter mode in the two-mode case was considerably different, in particular in vertical and lateral components, from that in the six-mode case. Modes 10 and 11 played a destabilizing role (low flutter speed) while mode 13 stabilized the system (high flutter speed), which is consistent with the buffeting analysis presented later. It is also noteworthy that no significant differences in the eigenvectors can be seen among different mode combinations except Case 3. (4) Coupling mechanism It has been determined so far that several modes were coupled in the flutter of the Akashi-Kaikyo Bridge. In this Section, the underlying mechanism of the multi-mode coupled flutter of the AkashiKaikyo Bridge is investigated.
The coupling among modes is achieved through aerodynamic and aeroelastic interactions, both of which depend on flutter derivatives and on vibration mode shapes. These interactions are taken into account in the flutter analysis by (8) and (9) . Therefore, observation of the values of the Gintegral terms defined by (11) before and after flutter onset will provide the information on the coupling mechanism among modes. In this study, using the six-mode analysis for the original cross section with a,,, = 0 deg., the G-integral term values were obtained at flutter condition onset and at a wind speed of 48 m/s, which was far from flutter. Fig. 3 shows the ratio of these values between the flutter speed and 48 m/s. Shown are G-integral terms whose components changed significantly (magnitude changed by more than factor of two). No significant components were observed in other G-integral terms. Since the effect of modes 1 and 11 on flutter was small as described in the previous section, and so was that of P6* 20), omitting components associated with these modes and the flutter derivative from Fig. 3 will provide the essential information. Then, dividing the significant components remaining into two groups corresponding to A; and Bi; will conclude that
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Hi Hi H1 H2 Pit h 2h10' h2h13' Gh10h2' Gh13h2' Gh2a12' GP12a12 and Gh a 12 in Aand Gh a12' Gh112' Gh10h13' Ga 2a12' Gapq' 2a12, GH4 and GH3 in Bij evolved significantly between flutter and 48 m/s. It follows from above that mode combinations in which significance was observed are (2-10), (2-12), (2-13), (10-2), (12-12), (13-2) and (13-12) in All, and (2-12), (10-12), (10-13), (12-12), (13-10) and (13-12) in B;. It can also be said that these mode combinations provide strong mode couplings at flutter onset. Strong mode couplings are recognized in a diagonal component of mode 12 (1St torsion) and off-diagonal components between modes 2, 10 or 13 (1St, 2nd or 3rd vertical, respectively) and mode 12. Strong mode couplings are also recognized in off-diagonal components among these three vertical modes. This may be related to the fact that the flutter of the Akashi-Kaikyo Bridge was a bendingtorsion coupled type and mode 12 was a dominant mode.
Flutter derivatives producing the strong mode couplings are Hl*, H2* and P2* in A;, and H3*, H4*, P3* and A3* in B; ;. In particular, j2* and P2* in A; ;, and H3* and P3* in B; ; are coupled terms. It is thought that these terms played an important role in the coupled flutter of the Akashi-Kaikyo Bridge. Actually, it was pointed out20 that P2* and P35 greatly contributed to flutter onset and destabilized the system. In addition, Matsumoto21 concluded that H3* was one of the components significantly contributing to coupled flutter of long-span bridges.
BUFFETING ANALYSIS (1) Description of analysis
The first 17 vibration modes, with the exception of very low-contribution modes such as cable modes and longitudinal modes, were used here in the buffeting analysis. They were modes 1 to 7, 10 to 14, 22, 23 and 25 to 27. The components of the flutter derivatives used in the buffeting analysis were the same as those in the flutter analysis, that is, H, *,.., H4*, A15,.., A4*, p5, P3*, P5* and P6*. The flutter derivatives were interpolated well enough to capture the peaks associated with natural frequencies and were also carefully extrapolated so as to cover the frequency range which effectively contributes to the response20'. P, * was estimated by quasi-steady theory from (45). Static coefficients of the deck cross section used in the buffeting analysis are listed in Table 4 . Table 4 Static coefficients of deck cross sections 29(183s) the figures. Good agreement can been seen between the multi-mode responses and the measurements in the vertical and torsional directions. In particular, the multi-mode analysis could well simulate the notable features of the measurements that the torsional response rapidly increased after 70 m/s, and that the difference of the torsional RMS between the multimode and single-mode analyses (and hence the coupling effects in the multi-mode calculation) become significant as the wind speed increased.
On the other hand, a difference of a factor of around 2 persisted in the lateral responses between the analyses; multi-mode and single-mode, and the measurement. In addition, no coupling effect can be seen in the lateral response of the multi-mode calculation. The analysis used all measurement data available such as PSD and spatial correlation of wind-speed fluctuations, static coefficients, and flutter derivatives. Besides, the effects of static deflection, lateral flutter derivatives (P*, i = 2, 3, 5 and 6), both of which greatly affected flutter instability, and uw cospectrum Cuw on the buffeting were investigated, however those were not a possible solution for the discrepancy in the lateral buffeting20. The possible reasons for the discrepancy are suggested as estimation errors associated with P, * and the representation of aerodynamic admittance, but specific evidence has not been obtained20 relative to this structure. In order to observe the mode-by-mode contribution to RMS response, buffeting analyses were performed changing the number of participating modes in the analysis. Fig. 6 shows the evolution of the RMS responses of the original cross section versus the number of modes used in the analysis. All of these are from the multi-mode buffeting calculations at the wind speed of 60 m/s.
The RMS responses generally increased as the number of contributing modes increased, however there are two significant differences to be observed in the vertical and torsional directions. The vertical RMS decreased between the 9-and 10-mode analyses due to the addition of mode 12, and the torsional RMS also decreased between the 10-and 11-mode analyses due to the addition of mode 13.
These effects may be caused by mode coupling. That is, including mode 12 appears to shift the buffeting response into the torsion mode and including mode 13 also appears to shift the buffeting response into the vertical mode. This latter case is consistent with the fact that in the flutter analysis the flutter speed increased after the inclusion of mode 13.
Further investigations of these reductions of the RMS responses were performed for different windspeed steps, 30 m/s and 78 m/s, and for the modified cross section, as shown in Tables 5 and 6 . In the cases of wind speeds 30 m/s and 60 m/s in both cross sections, a similar mode-coupling effect can be seen as described above. In the case of 78 m/s, however, different coupling effects between the original and modified cross sections can be seen. In the original cross section, the vertical response increased a little in the 10-mode analysis, and the torsional responses greatly decreased in the 11-mode analysis. On the other hand, in the modified cross section, both vertical response in the 10-mode analysis and torsional response in the 11-mode analysis decreased, and its response-decreasing trends are consistent among the 3 wind-speed steps. That is, the response-decreasing ratios become large as the wind speed increases.
Based on the buffeting analysis theory, mode coupling information is collected into the PSD matrix for the generalized coordinate, S(K) in (36). In order to check the coupling effects in terms of the displacement, the covariance matrix of, COV(, j) was obtained by integrating S(K) over frequency, i. 
cT (xA, xB) = a (xA )aj (xB ) COV(
and only vertical-and torsion-mode-related components in the COV matrix contribute to the vertical and torsional responses, respectively, reduction of COV(2, 2) between the 9-and 10-mode analyses, and that of COV (12, j12 ) between the 10-and 11-mode analyses were identified as primary factors in the reductions of the vertical and the torsional RMS, respectively. COV(c2 2) and COV (12, 12) are both diagonal terms related to modes 2 and 12, respectively. Tables 5 and 6 also show the significant components in the corresponding COY matrices at the wind speed of 78 m/s. A significant difference between both cross sections at the wind speed of 78 m/s is in changes to the vertical components. COY (2, 2) of both cross sections decreased by similar amounts while COV (10, 10) , diagonal term related to mode 10, of the original cross section increased by 9%. In addition, COV( lo, 2), the off-diagonal term related to modes 10 and 2, of the original cross section significantly increased. Even though COV (2, 2) decreased for both cross sections, COV(S10, 2) and COV(1o, lo) increased and compensated for the reduction of COV(2 2) in the original cross section. This would be a reason why the vertical response of the original cross section at 78 m/s did not decrease between the 9-and 10-mode analyses as described earlier.
These mode-coupling mechanisms might be related to the flutter stability of the Akashi-Kaikyo Bridge. Under the assumption made in the buffeting analysis of no static deflection of the deck, it was estimated in a study20 that flutter was about to occur at 78 m/s in the original section while the modified section was far from flutter at the same 78 m/s.
Since the Akashi-Kaikyo Bridge showed a coupled flutter, mode-coupling activity at 78 m/s must be higher in the original cross section than in the modified cross section. In fact, differences between the torsional responses in the modified cross section between the multi-mode analysis and the SRSS responses, which were shown in brackets in Tables 5 and 6 , are smaller than those in the original cross section. Therefore, this is thought to be a reason why many components in the COY matrix participated in the mode-coupling of the original cross section. a) Parameter study Finally, parameter studies on the reductions of COV(2 2) and COV (12, 12) in the COY matrices at the wind speed of 60 m/s were performed. Since a COY matrix was defined by E and S Q Q h (referring to (36) and (46)), it may be noted that the Hintegrals (28) dominate the coupling conditions in S QbQh, and the G-integrals (11) and the associated flutter derivatives dominate the coupling conditions in E.
Considering that vertical RMS decreased just after adding mode 12, effects of coupling components between modes 2 and 12 in the H-and G-integrals were investigated with the 10-mode analysis. Similarly, those between modes 12 and 13 were investigated with the 11-mode analysis in light of the fact that torsional RMS decreased just after adding mode 13. Six parameter analyses were performed for each case, as shown in Table 7 .
If the responses obtained from the first of the parameter analyses for the 10-mode analysis, in which a parameter G7 was equated to zero, recovered or approached those of the original 9-mode analysis in terms of c and COV(t2, 2), the parameter may be a primary reason for the reduction of the vertical RMS between the 9-and 10-mode analyses. Thence, it is concluded that G, a lz and Hh2a2 contributed to the reduction of the vertical RMS in the 10-mode analysis, and they played a significant coupling role between modes 2 and 12. For the case of the reduction of the torsional RMS in the 11-mode analysis, examining the results in the same manner resulted in the observation that GhHa 12 and Ga 2h 13 contributed to the reduction of the torsional RMS in the 11-mode analysis, and they played a significant coupling role between modes 12 and 13.
It was noted earlier in the flutter section that H35 played a significant role in mode coupling even in buffeting. It can also be said that mode coupling between modes 2 and 12 is significant aeroelastically as well as aerodynamically, since the significance of Hh 2a12 was observed in the parameter analysis.
CONCLUSIONS
Analytical studies of mode coupling in the flutter and buffeting of the Akashi-Kaikyo Bridge were performed. The flutter analysis well predicted the flutter speed of the wind-tunnel model of the Akashi-Kaikyo Bridge. It also revealed multi-mode coupled flutter in which six primary modes; 1 S symmetric vertical (mode 2) and torsion (mode 12), and 2nd and 3rd vertical (modes 10 and 13) with less participation of 1St and 2nd lateral (modes 1 and 11), were coupled. An investigation of the mechanism of mode coupling in flutter showed that the strong mode couplings were present in the diagonal component associated with mode 12 as well as off-diagonal components among modes 2, 10 or 13, and 12, and among modes 2, 10 and 13. This may be related to the fact that the flutter of the Akashi-Kaikyo Bridge was a bending-torsion coupled type and mode 12 was a dominant mode in flutter. Flutter derivatives introducing the strong mode couplings were H1 *, H2* and P2* in A, and H3*, H4*, P3* and A3* in B.
The multi-mode buffeting analysis also well predicted the action of the wind-tunnel model of the Akashi-Kaikyo Bridge, particularly the nonlinear increment of the torsion observed in the high wind-speed region of 78 mis due to mode coupling, which was never seen in the equivalent single-mode analysis.
However, there remains the as-yet unexplained difference in the lateral response from both analytical methods between the analysis and measurements. Possible reasons for the difference are suggested as estimation errors associated with p1* and the representation of aerodynamic admittance. This is an important topic for continuing research and perhaps the availability of full-scale data may shed some light on this issue.
Significant mode couplings in the buffeting response were also recognized. Mode 12 suppressed vertical response and mode 13 suppressed torsional response. Those reductions were mainly due to the changes of diagonal components in the covariance matrix of the generalized coordinate; COV(2, 2) and COV (12, 12) , respectively. The parameter study showed that Ga 12 and Hh2ai2 for the reduction of COV(c2 2) and Gh t H and GA' a2ht
for that of COV(t12, 12) played a significant coupling role.
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